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Approach to Control Moment Gerscope Steering Using
Feedback Linearization
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This paper presents an approach to steering control moment gyroscopes. A technique based on feedback
linearization theory is used to transform the original nonlinear problem to an equivalent linear form without
approximating assumptions. Under this transformation, the spacecraft dynamics appear linearly, and are decoupled
from redundancy in the system of gyroscopes. A general approach to distributing control effort among the available
actuators is described that includes provisions for redistribution of rotors, explicit bounds on gimbal rates, and

. guaranteed operation at and near singular configurations. A particular algorithm is developed for systems of
double-gimballed devices, and demonstrated in two examples for which many existing approa'ches fail to give

adequate performance.

Introduction

HERE are a variety of actuators available to generate
torques on a spacecraft for the purpose of attitude con-
trol. Although propulsive actuators such as reaction control
jets are probably the most common, there is another class of
actuators that operate by transferring momentum to and
from the spacecraft. A control moment gyroscope (CMG) is
constructed with a rotor that spins at a constant speed. The
rotor is mounted in a gimbal system that can reorient the
rotor momentum by rotating the flywheel. CMGs can be used
to apply torques to a spacecraft by rotating the angular
momentum vectors of the individual rotors. Moving the indi-
vidual rotors changes the net angular momentum of the group
of CMGs. In the absence of external torques, momentum
conservation implies a corresponding change in the vehicle
momentum, or equivalently, the angular rate of the vehicle.
Because CMGs are capable of producing significant torques
and can smoothly manipulate large quantities of momentum
over long periods of time, they are often favored in precision
pointing applications and in momentum management of
large, long-duration spacecraft.
In any particular application, control torques are generated
by manipulating the momentum stored in a group of CMGs.
The net stored momentum is given by a function of the form

b = By (6) (1

where h € R? is the net CMG momentum vector in a space-
craft-fixed reference frame, 6 € R™ denotes the set of gimbal
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displacements, and h,,:R™— R®> maps the gimbal angles
into the miomentum space based on the types of CMGs:
involved and the geometry of the mounting configuration.'
This equation can be differentiated with respect to time in a
spacecraft-fixed reference frame to yield

t=h =0 X b+ Dlhp,(0)16 (2)

where w € R® is the angular rate of the spacecraft in a
spacecraft-fixed reference frame, Dik.,.(6)] € R® *™ denotes
the derivative (Jacobian) of the mapping k.. (0), and —7 is
the torque applied to the spacecraft due to the CMG gimbal
motion. The torque is typically specified by an autopilot or a
feedback control law.

In general, the number of degrees of freedom in the CMG
system m is greater than the number required to provide
three-axis control of the spacecraft. The problem that natu-
rally arises is how to choose the gimbal rates 8 to achieve a
specified torque 1. This so-called steering problem is compli-
cated by the inherent nonlinearity in these devices as well as
the need to manage the redundancy in a CMG configuration
to avoid geometric singularities. Singularities occur when the
state of the CMG system is such that the output torque
cannot be specified arbitrarily due to a drop in rank of the
derivative in Eq. (2). The loss of rank corresponds to a loss of
three-axis controllability of the spacecraft. '

There have been a number of methods proposed for solving
the CMG steering problem. Many of these methods are based
on the idea of maximizing a configuration dependent objec-
tive function subject to the constraint that a specified torque
is produced. The objective function is chosen such that its
value reflects the desirability of a given configuration and is
usually expressed as a fuiiction of the gimbal angles. In Ref.
1, the objective function used by the steering algorithm is the
inverse of the gain of a double-gimballed CMG configuration.
The gain is defined to be the product of the singular values of
Dih,,,,(0)], and singular configurations correspond to a gain
of zero since they are associated with a drop in rank of this
matrix. The gain function was considered in Ref. 2 and found
to be ineffective for single gimbal devices due to the fact that
it often cannot predict an impending singularity early enough
to avoid it. In addition, it has been demonstrated that locally
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optimal gain trajectories for single-gimballed CMGs can lead
directly into singularities.®> In Ref. 3, the authors use a table
look-up to identify the configuration of globally optimal gain
for each value of momentum for a specific mounting of four
single-gimballed CMGs. This approach is not readily adapt-
able to configuration changes and requires onboard storage of
a large data base.

To attain a margin of global eﬁ“ectweness other authors
have investigated steering laws that either explicitly or implic-
itly locate singularities in the gimbal space and rotate the
gimbal angles to avoid them. The steering laws proposed in
Refs. 2, 4, and 5 steer the CMGs away from configurations
that are known to be singular. The approach of Ref. 4 is to
compute: the sets of gimbal angles that are singular with
respect to the requested torque vector and to rotate the
gimbals to avoid them. In other words, gimbal angles are
found for each CMG such that the CMG -cannot instanta-
neously project momentum in the desired direction. The steer-
ing law then chooses rates that steer away from these gimbal
states. The steering law in Ref. 5 exploits knowledge of a very
specific mounting configuration to design an algorithm that
implicitly avoids singularities.

The method of Ref. 2 is probably the most adaptable
approach in that changes in hardware and CMG configura-
tion are easily accommodated, and the objective function can
be changed to reflect the most urgent of the CMG configura-
tion priorities. In addition, the algorithm can be used to
combine CMGs with jets to maintain vehicle control outside
the torque envelope of the CMG system alone. Another
advantage of this approach is that it explicitly incorporates
limits on the maximum rates achievable by the gimbal drive
motors. All other approaches that include this limitation
incorporate it by scaling after a set of gimbal rates has been
computed, thus preserving the direction chosen by the opti-
mization but violating the requirement that a given torque be
produced.

In Ref. 6, a number of algorithms are investigated for the
control of single-gimballed CMGs. One of these methods is
the “‘singularity” robust inverse method’” which attempts to
solve Eq. (2) by defining a vector consisting of the error in the
torque produced by a choice of glmbal rates concatenated
with the set of gimbal rates. A solution is found by minimiz-
ing a weighted Euclidean norm of this vector. Near singular
states, this algorithm maintains reasonable ginibal rates by
sacrificing torque in the direction associated with the singular-
ity. Although the singularity robust inverse yields a steering
algorithm that continues to function at singular states, the
algorithm itself makes no effort to avoid these undesirable
configurations.

Even though CMGs have been used in a number of appli-
cations, they have not found widespread use. Single-gimbal
CMGs have been used on balloon-borne platforms® and in
scissored pairs on early versions of NASA’s Manned Maneu-
vering Unit, and have recently been installed on the Soviet
Union’s MIR space station.® Double-gimballed CMGs were
used in NASA’s Skylab® and are proposed for use on the
planned NASA space station.!® One of the principal
difficulties in using CMGs for spacecraft attitude control is
finding reliable solutions to the steering problem. One reason
for this difficulty is that the steering problem does not con-
sider the long-term behavior of the system but uses only the
current state and torque request to compute gimbal rates. In
other words, steering laws are local in nature and do not
consider the effects of currerit decisions on the future. As a

result, there is no steering law that can guarantee it will

always keep the CMG configuration out of singular states.
Single-gimballed CMG systems are particularly prone to lock
up in singular configurations because of the reduced degrees
of freedom.

A useful approach to CMG steering must provide a frame-
work for exploiting redundancy to maintain CMG authority,
behave in a sensible way near singular configurations, and be
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able to use the CMGs at their physical limitations when
necessary. Though all steering algorithms attempt to redis-
tribute individual rotors. to more desirable configurations,
Ref. 2 is the only published algorithm that treats gimbal
limitations as a real constraint. With the exception of the
singularity robust inverse method, which does not redistribute
gimbal angles,® none of the published algorithms address the
numerical difficulties that will occur near a singularity. This
paper presents a general framework for the control of space-
craft with CMGs that considers each of the three require-
ments listed previously.

The approach presented in this paper is part of an investi-
gation into applying the feedback linearization theory of Refs.
11 and 12 to the conirol of CMG-equipped spacecraft.'
Feedback linearization theory has already been applied to
several problems in spacecraft control. In Refs. 14 and 15, the
theory is used to study optimal attitude maneuvers for torque-
controlled spacecraft and spacecraft equipped with reaction
wheels, respectively. Although the attitude control problems
considered in both of these papers are quite similar, neither
provides a realistic treatment when redundant actuators are
included. In addition to the fact that redundancy is dan
important characteristic of CMG. control systems, reaction
wheel systems do not exhlblt geometrlc smgularltles like
CMG systems.

Applying the feedback linearization theory to a spacecraft
model with CMGs, a transformation is obtained that simula-
taneously linearizes the dynamics of the spacecraft and decou-
ples the redundant dynamics in the actuation system from the
vehicle dynamics. This transformation is useéd to propose a
class of steering algorithms in which a desired set of gimbal
rates is computed, and then a normed approximation problem
is solved to obtain a best match to the desired rates. This
approximation problem is easily solved even when explicit
bounds are included on the allowable gimbal results.

Using the approach to CMG steering developed here, the
problem of designing a steering law is reduced to determining
an algorithm for computing gimbal rates that move the CMG
rotors toward desired configurations. This is conceptually
simpler than the approach of determining a function whose
derivative can be used to compute desired rates. Another
advantage is that oncé a basic algorithm has been imple-
mented, it is possible to add decision rules that can recognize
and correct for known failure modes or to design an al-
gorithm that is entirely rule based (i.e., an expert system).
Skylab employed a “rule-based” -system that relied on
ground-based, manual intervention to resolve problems.!6 A
modification to the basic algorithm that guarantees operation
at and near singular states is presented in this paper.

In the following two sections a model for a CMG-equipped
spacecraft is described, and a linearizing transformation is
obtained. Because the spacecraft dynamics appear to be linear
and independent of a subset of the CMGs, linear control laws
can be applied to control the spacecraft attitude. Because the
linearization obtained here is not an approximation, these
control laws guarantee acceptable performance even for large
rotations. A method for distributing gimbal rates among a
group of CMG gimbals is then stated as a normed approxi-
mation problem requiring a set of desired gimbal rates that
are to be matched. A particular algorithm is then proposed
for computing the desired rates for double-gimballed CMGs.
For the parallel-mounting configuration assumed in the
NASA space station, two examples are presented in which
published algorithms are known to fail. Note that because the
geometric problem of singularity avoidance is considerably
different for systems consisting of single-gimballed CMGs, the
particular algorithm developed here for double-gimballed
CMGs is not applicable to these devices; although the general
approach remains valid. The attitude control problem and
momentum management are not discussed in this paper; these
issues have been addressed in Ref. 13 and in a forthcoming

paper.
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Model Derivation for a Control Moment Gyroscrope-
‘ Equipped Spacecraft

 In this section, a mathematical model is developed for a
CMG-equipped spacecraft. The vehicle attitude is-represented
by a quaternion, and a differential equatlon is derived that
characterizes its evolution. It will be shown in the following
section that the attitude variable to bé controlled can be
chosen arbitrarily once a specific vehicle model is defined. A
kinematical model for a double gimbal CMG is presented and
incorporated ihto a model of a rigid spacecraft rotating in an
inertial -reference frame.

Let 4 dhd B denote a pair of right-handed reference frames,
and assume that B las been rotated with respect to 4 thr‘ough
an angle 0 dbout an axis defined by the unit vector & ex-
pressed in the basis 4. The quaternion of reference frame B
with respect to A is defined to be the ordered quadruple

9o

B @._ q| _ [ cos(8/2)

qﬁ_{q}' IS _{ﬁsin(G/Z)}eR4 3)
93

This deﬁnition is more restrictive than encountered in mathe-

matical discussions!” but is sufficient for the purposes here
Quaternion multiplication is defined as

Po —P1 —P2 —Ps || %o

i =[ Podo—P*q ]= PP PP ||

Poqd+poq+p>*qg P> ps P NP2

3 —P2» P11 Do q3

4

where * and x denote the ordinary vector dot and cross
products, respectively. The conjugate, q of a quaternion ¢ is
defined by

9o

q*={‘lo_}: f‘h 5
—q —q

—4qs

Throughout this paper, it will be necessary to compite
quaternion. products of only two types of quaternions: quater-
nions associated with rotations of orthogonal reference
frames [Eq. (3)] and quaternions associated with vector-val-
ued quantities in R®. In this paper, the symbol g is reserved
excluswely for quaternions that represent rotations as defined
by Eq: (3), superscripts and subscripts are added to distin-
guish sich quaternions from one another and to denote the
clements of a quaternion. In the derivation that follows,
equations are presented that includé ptroducts of quaternions
with physical quantities such as momentum and angular rate.
These physical quan'tities are represented by quaternions
whose scalar pdrt is zero, and the products are computed
according to the rules of quatermon multiplicition [Eq. (4)].
For clarity, the notation {O/x} is used to, emphasize when a
three-dimension#l quantity x is to be treated as a quaternion
in a multiplication. - , ,

Note that a consequence of the definition of Eq. (3) is that
quaternions that characterize rotations of orthogonal refer-
ence frames have a-Euclidean norm of one; given any three
elements of such a quaternion, it i$ possible to compute the
fourth. In particular, the expression

Qo= |1- X 4 (6)

can be used to compute the scalar part of a quatetnion from
its vector part. As a result, all the quaternions that are
considered here are uniquely determined by their. last three
components; the scalar part is either zero or given by Eq. (6).
From mnow on, it will be assumed that all quaternions are
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represented by elements of R>; consequently, the definition of
quaternion multiplication must be modified to use either zero
or Eq. (6) when the scalar part of the quiaternion is needed.
Although this assumption may seem unnecessary, it is
justified for the following reason. When deriving the lineariz-
ing transformations i the next section, it is necessaty to
compute the derivative of a function of a quaternion with
respect to an element of the quaternion. Because of the
constraint implicit in Eq. (3), care must be taken when
evaluating this derivative . because 0Jg,/0g; #0 for i,
J€[0,...,3]. By formally substituting Eq. (6). for g, when it
appears 1t can be assumed that the derivative dg;/dg; = 0 for
i # j. This simplifies the notation of the following section and
clarifies for the reader the computations involved. Note that
the previously defined notation for quaternion arithmetic is
not changed in this or the fiext section. The reader should
regard the modification to conventional quaternion algebra as
purely computational; the meanings of the expressions are
unchanged.

In the following sections, it will be necessary to compute
the time rate of change of a quaternion due to the relative
rotation of two reference frames. For example, if the quater-
nion transforms vectors in inertial coordinates into a space-
craft fixed frame, the quaternion will change with time as the
spacecraft rotates. The time derivative of a quaternion g2 is
computed assuming reference frame B is rotating at a relative
angular rate ®®, which hds been coordinatized in the refer-
ence frame B. It can be shown that

l—d?—a2—a2
. 1{0} 1 1 91— 42— 93

. B _._
94=3,8(94=5 9 VE
qs —q
—{q3 q> q
V-6 —-46-4 —q 7 M
q l—gi—¢5—4i || o
o
6, G
INNER GIMBAL AXIS

90
Lol 3;)
OUTER GIMBAL AXIS
h de (90 ,6;)
ROTOR MOMENTUM ‘

Fig. 1 Schematic drawing and reference frame for a double-gimballed
CMG.
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Note that the quaternion product has been expanded here to
illustrate how the modification discussed in the previous
paragraph affects the computations.

To derive dynamical equations for a spacecraft equipped
with CMGs, it is necessary to have a kinematical model for
CMGs. Figure 1 shows a schematic of a double-gimballed
CMG. In this figure 6, is a unit vector along the outer gimbal
axis. This axis is fixed with respect to the spacecraft. The unit
vector 6, lies along the reference inner gimbal axis corre-
sponding to 8, =0, and the third vector in the triad is defined
to be orthogonal to &, and &, (ic., B =h(8, =0, 0, =0) =
é, x é;). The CMG momentum vector can be expressed in the
basxs (6,, 6;, I°) defined relative to a spacecraft fixed frame.
Allowing h,,,, to denote the magnitude of the rotor momen-
tum, the expression

hy,(0,,0;) = hmg[(ﬁ0 cos 0, — 6, sin 6,)cos 8; + 6, sin 6] (8)

characterizes the momentum vector of a double-gimballed
CMG as a function of (0,, 0,), the outer and inner gimbal
angles, respectively.

Equation (8) expresses the momentum vector of a CMG in
a spacecraft-fixed reference frame. In general, the momentum

vectors of a group of CMGs will be expressed in a common -

frame. Given a group of CMGs, Eq. (8) can be used to
express the net momentum of the CMG system in a space-
craft-fixed reference frame as a sum over the set of CMGs

Nemg
b (0) = 121 h%, 0,,6)) &)

where k% e R® is the momentum of the kth CMG, and
0 € R™ denotes the set of gimbal angles.

The attitude of the spacecraft is characterized by a quater-
nion ¢, which defines the relative orientation of a spacecraft-
fixed reference frame, denoted B, with respect to an inertial
frame (since this will be the only quaternion used, subscripts

-and superscripts are not needed). It is assumed here that the
total angular momentum of the spacecraft in inertial coordi-
nates A’ is known or can be computed. The total momentum
can be computed in body-fixed coordinates from knowledge
of the spacecraft angular rate and the CMG configuration. In
many configurations, the momentum in inertial coordinates is
reasonably constant for long periods of time. The momentum
vector k' can be transformed into the basis of the spacecraft-
fixed frame by the quaternion product

Be=g*hlg (10)

The momentum in the spacecraft reference frame k% can be
expressed as

h? = hcmg(o) + hspacecraft = cmg(o) + Io® (11)

where w? e R® denotes the spacecraft’s angular rate, and
Ie R**3 denotes the inertia matrix of the vehicle. Both
b5 (0), and w? are expressed in the body-fixed coordinate
frame B. The angular rate of the spacecraft can be determined
from the total momentum and the momentum stored in the
CMGs by solving eq. (11) for w®

08 =T7h" — by (0)] = 7 '[q*h'gq — B (0)] (12)
This expression can be substituted into Eq. (7) to obtain an
expression for the derivative of the attitude quaternion in
terms of the constant inertia matrix, the known inertial angu-
lar momentum, and the attitude quaternion of the spacecraft.

L1 0
q=5{1~1[q*,,zq —hcmg(a)]}" (13)
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Nonlinear
Feedback
o (x)

u=0x) + X v

>.(=f(x)+G(x)u~ > 2=Az + Bv

z=F(x)

Fig. 2 Implementation of a linearizing feedback transformation.

Note that the preceding expression could have been written
with momentum expressed in body coordinates [Eq. (11)]. If
it is desired to include variations in momentum, the transfor-
mation computed in the next section requires knowledge of
the net rate of momentum change. Since neglecting momen-
tum changes is equivalent to neglecting external torques, the
assumptions made here are identical to those of other pub-
lished steering algorithms.

To complete the derivation of the equations for rotation in
the absence of external torques, it is necessary to consider the
control or input variable. CMG steering algorithms usually
choose the set of gimbal rates as the control variable. The
equations that describe the evolution of the gimbal angles are

0=u (14)

‘where 0, u € R™. Under the stated assumptions, the dynamics

of the combined spacecraft/CMG system are described by the
state equations (13) and (14). These equations describe the
attitude dynamics and the evolution of the gimbal angles,
respectively.

The gimbal rate equation (14) is also useful when it is
desirable to include physical limits on the individual gimbal
drives. In some circumstances, it may be more realistic to
consider torque limits on the gimbal-drive motors, especially
when double-gimbal CMGs are being used. With double-gim-
bal CMGs, motion of one gimbal can produce a torque along
the axis of the other. The need to back drive the gimbals can
impose restrictions that cannot be accounted for without
developing a higher-order model. In this discussion, it is
assumed that the gimbal rates-—as expressed in the individual
CMG frames—can be commanded as the control variables.
This assumption is consistent with conventional operation
and does not result from a limitation imposed by the feedback
linearization theory that will be applied in the next section. It
may be desirable in future efforts to examine the effects
resultlng from including the dynamics of the gimbal drive
motors in the model.

Feedback Linearization of the Spacecraft Model

The basic idea behind feedback linearization'!!? is illus-
trated in Fig. 2. Given a nonlinear system of equations of the
form

£+ Y, g, =f(x) + G (15)

i=1

the objective is to obtain a nonlinear change of coordinates in
the state F(x), a nonlinear feedback a(x), and a linear, invert-
ible change of coordinates in the input f(x) such that the
input/output behavior of the sytem illustrated in Fig. 2 has a
prescribed linear form. Note that this type of linearization is
not an approximation, but an exact transformation in which
the linear model can be made to have a particularly simple
form. Another feature of the transformation shown in this
figure is that it is applied externally to the system equations;
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the transformation does not require internal modifications to
a given model [Eq. (15)]. ‘As a consequence, the feedback
transformations employed here are, in principle, imple-
mentable in hardware and software.

For the system of interest in this paper, Eqs. (13) and (14),
the results of Ref. 11 can be used to show that there exists a
memoryless, nonlinear state transformation z = F(q, §) and
an input transformation u = (g, 8) + B(q, 8)v, such that the
evolution of the transformed system is described by linear
constant coefficient differential equations of the form

z=Az+ By (16)

Furthermore, the state and control vectors of the linearized
system can be partitioned into the forms z =(z7,z%,z7)”
and v = (v7,v2)7, respectively, with z; e R3, 2, =25, £, =19;
and z, =, € R™ 3. These definitions imply that the matrices
(4, B) must have the special forms

0. L! 0 0! 0
A=100,0, B=|L, O an
070770 0 Ips

This assumption regarding the structure of the pair (4, B) can
be made without loss of generality, since all achievable linear
behaviors can be obtained by applying linear feedback, linear
input transformations, and linear state transformations to the
system defined by Egs. (16) and (17).!® In other words, the
forms of Eq. (17) were chosen to simplify the problem of
obtaining the linearizing tranformations; once the system is
made to behave like Eq. (16), a separate design procedure will
yield a control sytem that yields desired characteristics.

A simple justification for the form of the matrices (17) is as
follows. The linear system defined by Egs. (16) and (17)
contains three sets of independent double integrators. These
second-order subsystems are related to the second-order rota-
tional dynamics of the spacecraft, and the input variable v, is
related to the spacecraft acceleration. Since the state compo-
nents z; evolve independently of the spacecraft attitude, tra-
jectories of the variables z; can be interpreted as null-motions
of the CMG gimbals. In other words, these states are associ-
ated with the redundant degrees of freedom in the CMG
system.

Once computed, the feedback transformation simplifies the
original system equations in two important ways. First, the
nonlinear spacecraft equations are transformed to a very
simple linear form; familiar techniques from linear systems
theory can then be applied to derive control laws for the
spacecraft. Second, the linearized system of equations con-
tains state variables that are explicitly related to the available
freedom in the choice of gimbal trajectories. In the sequel, it
will be shown how to construct the state and input transfor-
mations from a particular choice of z, and z; for which the
transformations are known to exist.

In this paper, the (three) elements of the attitude quater-
nion are chosen for the elements of z;. The advantage of
redefining quaternion arithmetic becomes apparent when ex-
panding the equations that follow. Even though quaternions
have been chosen to represent attitude in the model equations
here, there may be practical reasons for choosing one or more
Euler angles to be directly controlled. Whatever - attitude
variables are chosen for z;, the transformation derived here
will linearize and decouple their-dynamics. Once the variables
z, are chosen, the functional relationship between the chosen
attitude variables and the attitude quaternion must be ob-
tained. The relationship can be expressed symbolically as

=

1 0 0]q
u=Fg[ =01 0fq¢ (18)
0 0 1] g3
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where the term in brackets has been used in the approach
presented here. This expression can be differentiated to obtain
the value of z, in terms of the state variables (g, 8)

22 =% =D, Fi(9lg = F>(q, 0) = 4] (19)

where Eq. (13) is substituted to eliminate g. The notation
[D,F(g)] has been introduced to denote the derivative of a
vector valued function F with respect to a vector variable ¢.
The ith column of the derivative matrix consists of the partial
derivatives of the elements of F(g) with respect to the scalar
variable ¢;. The functional form of Eq. (18) has been main-
tained throughout the discussion to enable interested readers
to formulate the approach described here for any choice of
attitude control variables and to emphasize that the approach
is not inherently based on quaternions.

Although a more general choice is possible, z; will be
chosen as follows. Assuming that the CMG configuration is
not singular, it is possible to order the gimbal angles of the
vector @ such that the rank of the 3 x 3 matrix

Al(o) = [Delhcmg(o)s D92hcmg(0)7 De3hcmg(0)] = D:ﬁhcmg(o)
(20)

is three. Here the symbol ¢ =[6;, 0,, 8;]7 has been used to
denote the vector consisting of the first three elements of the
ordered gimbal angle vector. Nonsingularity of this matrix
implies that the torques produced by the three gimbal rates
[u, uy, us] span three space. The component of the linearized
state variable represented by z, is defined to be

0,
z=|: (21)
0,

This completes construction of the coordinate tranformation
F(x)y=[z{,2%,z7]" that maps the state variables of the
model, x = (g, #), to those of the linearized system.

It now remains to construct the feedback and input trans-
formation. By assumption, the control variable » has the

interpretation
L 4 d|z
Lt @

This expression can be evaluated by substituting Eq. (19) and
(21) and then differentiating to yield

L _[PE] o] Ta|_[12,F0),
1 o [0 IL,_a|é o |
[DyF,] [D,,F,]],
+[ o L ]o (23)

Once again noting that the ¢ is a function of (g, 6) and using
the fact that 8 = &, the previous equation can be written in the
form

v =w(g, 0) + Ag, Ou (24)
Note that if the matrix A(q, #) is invertible, then Eq. (24) can

be solved to yield an input transformation of the required
form

u =[A(q, 0)] " w(g, 0) +[A(q, 0)] "' v = (g, 0) + B(g, O)
(25)

u= ["(‘)] + [51ﬁ2][vl:| (26)
Uz

or equivalently,
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Necessary and sufficient conditions for Eq. (24) to be
solvable for u are that the function F, in Eq. (18) be invertibie
and the matrix 4, in Eq. (20) be nonsingular. From Eq. (23),
it is clear that the matrix A(q, 6) will be invertible if the 3 x 3
submatrix in the upper left corner is nonsingular. This matrix
is given by

D, F(g. ) = [D,F (@D, 4]

1 0
=-3 [D,F, (q)][D¢[{hcmg}q;U 27

By the inverse function theorem, invertibility of F, implies
nonsingularity of the matrix D, F,(q); therefore, it only re-
mains to show that the remaining 3 x 3 matrix is nonsingular.
Observing that

0 hle 0
D¢|:{h }q:| = D¢ hgmg hgmg
one hzmg - hzmg

it can be seen that the rows of the preceding matrix consist of
linear combinations of the rows of the matrix 4, in Eq. (20).
Because Eq. (28) implies that one of the coefficients in each
linear combination must differ in sign from the corresponding
coefficient in the other two combinations, each row of the
matrix (28) must be a unique combination of the rows of 4,.
The converse follows immediately: singularity of D, q implies
singularity of Eq. (20), and singularity of D F(¢) implies that
F,(g) is not invertible.

In concluding this section, it is useful to discuss the implica-
tions when one of the necessary and sufficient conditions fails.
~ Singularity of Dyq implies that the CMG configuration is
singular, since singularity of 4; implies that there is a direc-
tion in which the CMG system cannot instantaneously project
momentum. A later section presents a method for dealing
with this eventuality. Noninvertibility of F;(g) implies that it
is not possible to associate a unique physical orientation of
the body with the parameters z,. This difficulty arises due to
the choice of attitude variables and is not a limitation of the
methodology developed here; any attitude control law em-
ploying these parameters will have to deal with these singular-
ities. In practice, this presents no difficulty since the
singularity can be eliminated by merely changing the reference
attitude for which the attitude variables are defined.

Gimbal Rate Distribution by Normed Approximation

In this section, an approach to distributing control effort
among a group of CMGs is developed that employs the
linearizing transformation developed previously. Although
the dynamics of the system to be controlled have been made
linear by the transformation of Eq. (25), the steering problem
has not been solved. Effectively, the linearizing transforma-
tion decouples the problem of spacecraft attitude control, and
the problem of distributing control effort among the available
actuators has not been addressed. If it were not for the
kinematic redundancy in the CMG system, the solution to the
linearization problem would be adequate and unique; no
steering problem would exist.

A natural choice of gimbal rates would be one that requires
a minimal effort to produce a desired influence on the space-
craft. This would be sufficient if there were no dynamics
associated with the CMGs. In the problem at hand, there are
certain configurations or CMG states that are to be avoided.
Consequently, there may be a desired value u, for the gimbal
rates. The problem of computing gimbal rates u that are close
to the desired value can be stated as a normed approximation

cmg
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problem
min |u, —u ) (29)

subject to the constraint that a specified acceleration be
produced. Note that the feedback part of the linearizing
transformation [Eq. (25)] yields an affine parameterization of
all gimbal rates that produce a specified attitude acceleration.
Once the first three elements of the control vector of the linear
system have been fixed, the remaining elements can be se-
lected arbitrarily without changing the commanded accelera-
tion. The parameterization effectively eliminates the torque
constraint associated with the steering problem and reduces
the number of variables that need to be considered by three.
- Assuming that the component v, of the linearized control
vector (equivalently, the commanded torque) is specified and

kB2 1-gi—-q3—-¢3
cmg cmg 4
0 —hln, . (28)
0 2
qs3

can be regarded as fixed, substitution of Eq. (26) into Eq. (29)
yields

nzizn la — B,v, || (30)

where a = u; — « — B,v,. From a practical point of view, it is
useful to impose limits on the individual inputs of the form

—ul, Sy, <ul (31)

where u}, is the maximum gimbal rate associated with gimbal
i. Fast numerical methods exist for solving Eq. (30) with
constraints (31) in three important norms: the 1-norm defined
by

Ixlhi= 2 x| (32)

i=

the 2 norm (the usual Euclidean norm) defined by

n 12
bele={ £ e} 3
i=1
and the oo norm defined by
[ % ]lo0 = max |x;| (39

The constrained problem in the 2 norm can be formulated
directly as a quadratic programming problem.!” The 1- and
oo-norm problems can be formulated as linear programs as
shown in Refs. 20 and 21, respectively.

Algorithm for Computing Desired Rates for Double-
Gimbal Control Moment Gyroscopes

In the following paragraphs, an algorithm for computing a
desired set of gimbal rates for a group of double-gimballed
CMGs is developed. The algorithm is based on computing a
desired rotation vector for each CMG. The direction and
magnitude of the rotation vector of a CMG rotor correspond
to the axis and rate of rotation, respectively, of the rotor due
to gimbal motion. The rotation vectors are chosen to move
the CMG rotors to maximize the amount of momentum that
can be projected instantaneously in any direction, to avoid
line up with the commanded torque vector, and to keep inner
gimbal angles small. The desired rotation vector for a CMG
is computed as the sum of a set of rotation vectors, each of
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which individually attempts to achieve one of these objectives.
From the desired rotation vector, desired gimbal rates are
derived for each CMG. This section concludes with a brief
explanation of how the proposed steering law is incorporated
into an attitude control system.

One method for maintaining good three-axis controllability
with double-gimballed CMGs is to keep the mutual angles
between rotors as large as possible. Should a torque be
commanded along a direction aligned with a CMG momen-
tum vector, this will insure that ali of the other CMGs can
contribute to producing the torque. Since singular states of
_double-gimballed CMG systems are always associated with a
mutual alignment of rotors, this is also equivalent to avoiding
singularities. For each CMG, the term that achieves this in
the rotation vector computation is

ot=Y %[cos‘l(ftk - ¥) — njunit(# x ¥) (35)

K

where u, denotes the peak gimbal rate, ¥ denotes a unit
vector along rotor axis k, and the cross product is normalized
to have unit norm. The rotation vector ¢% can be interpreted
as a desired angular velocity for the kth CMG rotor; the
subscript indicates that it is the first term in a sum of such
vectors. Rotating each CMG in this way will move the rotors
to a configuration in which they are distributed symmetrically
about the total CMG momentum vector. The inverse cosine
term represents the angle between individual momentum vec-
tors.

If a rotor is allowed to-align with the commanded torque
direction, the corresponding CMG cannot generate torque
along the commanded axis. The term that steers rotors away
from such configurations is

0

6k=

k=1

where £ denotes a unit vector in the direction of the requested
torque; k° represents the largest angle between the momentum
and torque vectors for which this term contributes and is an
input to the algorithm. The cross product is normalized as
before. To avoid numerical difficulties, an arbitrary gimbal
axis is used in the neighborhood of an exact line up of vectors
in Egs. (35) and (36).

To simplify notation in defining the next two contributions
to the rotation vector, a piecewise linear function ® is defined
by

.
0 i gsc
bl —
Oa, b, dy =3 SalZe e By 5
la| d—c b
a
1 it [2|>d
L 1 b>

where (a, b, ¢, d) are constants with ja] < b, and 0 < c <d < b.

It is desirable to keep the inner gimbal angles small, both to
avoid potential hardware stops, and because the torque due to
the outer gimbal rate is proportional to the cosine of the inner
gimbal angle. A rotation vector which reduces the inner
gimbal displacements is

o.l; = — llp (I)(ef, Gstop’ kilnner’ kiznner)o';f_c (38)

where 0% denotes the inner gimbal displacement of CMG k,
Oq0p i the displacement to a gimbal stop, k™, kifner are
constants, and % is the unit vector along the inner gimbal
axis of the kth- CMG.
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In studying several maneuvers, it was found necessary to
include a term in the calculation of the desired rotation
vector, which would rotate the outer gimbal angle if the inner
gimbal was being forced against a stop. Associated with each
CMG is the rotation rate

oh = Fu, ®OF, Oyiop, k7™, k5*)65 (39)

where 6, and 6, are as before, k""", k$"" are constants,
and 6% is a unit vector along the outer gimbal axis of the kth
CMG. The initial sign of this rotation is chosen to move the
rotor away from the inner gimbal rotation plane and is not
changed until 6% is set to zero. The need for such a term will
be explained in connection with one of the examples.

For each CMG, the desired rotation vector is found by
taking a weighted combination of the four rotation vectors
previously defined.

Nemg

ot = 3 kot (40)

From this composite rotation vector, it is possible to compute
a unique set of gimbal rate commands that produce the
desired rotor motion for the given CMG by solving the linear
equation

6k x b= a(6* x B*) + b6~ x ¥ (41)

for the scalars a and b, which represent the desired inner and
outer gimbal rates, respectively, for the kth CMG. Proceeding
in this way for each CMG, a vector of desired gimbal rates,
u; € R™ is computed, and the normed approximation strate-

> %’%[COS"I(T/‘ * £) — k7 Junit(* x £)

if cos ~1(F* - 1) 2 k°
R (36)
if cos ™YW - 1) <k~

gies of the previous section can be used to calculate actual
gimbal rates based on these desired rates. In the following
section, an implementation of a steering law based on this
desired rate computation and the approximation algorithms is
described.

Implementation of the Proposed Algorithm

In this section, an algorithm that implements a CMG
steering law based on normed approximation and the desired
rate computation of the previous section is described. The
program has been implemented in FORTRAN on a VAX®
computer along with a rigid-body simulation of a spacecraft.
A flow chart of the steering algorithm is shown in Fig. 3. The
inputs are the current CMG gimbal angles, spacecraft attitude
quaternion, derivative of the quaternion, and second deriva-
tive of the quaternion, which is determined by an autopilot or
control law. The second derivative of the quaternion could be
computed based on linear feedback of the state variables z,
and z, (Ref. 14) or on direct quaternion feedback.?? If the
autopilot or control law has been designed to command the
steering algorithm with a torque or acceleration, ¢ can be
determined from the derivative of Eq. (7). Since quaternions
are algebraically related to any set of attitude variables, there
is no loss of generality by assuming the quaternion accelera-
tion is the input.

The steering algorithm first tests the CMG gimbal angles to
see if the CMG configuration is near a singular state. If the
gain function is above a certain threshold, a routine that
monitors the transformation is called. The routine MONITOR
checks that the three gimbal rates that do not appear in the
linearized control vector are capable of producing torques in
all directions. Their ability to control the spacecraft is deter-
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Attitude Control Law | .

Near Singularity

MONITOR

TRANSFORM

CMG_DISTRIB

Solve Approximation
Problem

Fig. 3 Flow chart of CMG steering algorithm.

mmed by the determinant of the matrix forrned by the three
columns of the matrix (20). If the determinamt is below a
certain threshold, a new combination of three gimbal angles is
fouiid that produces the largest deterriiinant, and these three
glmbal rates will not appear in the transformed control. Note
that this effectively amounts to remdexmg the gimbal rates.
These changes occur internally to the tranformation illus-
trated in Fig. 2 and are transﬁﬁrent to both the attitude
control functions and the hormed approxithation algorithm,

If the CMG rotors are neaf a singular configuration, then
there will be no combination of three CMGs thit ¢an produce
torques adequately in all directions. Most steering algonthms
do not consider this situation at all, even though most steer-
ing algorithms attempt some sort of singularity avoidance.
The most common symptom of such & failure is termed
gimbal lock, which oecurs when the CMGs become stuck in a
singular configuration, possibly due to numeérical errors or
because the steering -algorithm is attempting to normalize
gimbal rates to maintain their boundedness. It is necessary
that a steering algorithin continue to oOperate in a sensible
manner under these ¢ircumstances;

Near singular states, the linearization problem is not solv-
able as stated. Thé numerical difficulty that arises in comput:
ing the transformations is due to the fact that the matrix 4(x)
in Eq. (24) is nearly singular. This matrix has the form

AR =[A1(§x) f(_x)] (@)

The MONITOR routine atteriipts to order the gimbal angles to
guarantee numerical invertibility of. 4,(x); however, near a
singular state, no such ordering exists. The matrix 4, can be
decomposed into

A, =VAVT (43)

where A = diag[4,, 4,, 45] is the diagona1 matrix of eigenval-
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ues of Ay, and V = colle;, e,, e;] is the matrix whose columns
are the orthonormalized eigerivectors. The problém of com-
puting the linearizing feedback [Eq. (24)] can be transformed
to the form

vTo0 ViG] [AVT VT4, ] .
= = ,0) + 44
[0 1_3]" [.z.}] [0 N TR NCE
whiere the third row in the matrix on the right is nearly
zero—assuming the elgenvalues decrease along the dlagonal
of A. Eliminating this row from the equation and increasing

the dimension of the identity matrix by 1 yields the feedback
transformation

—Ae — —e; — 4 T —e; ~ ..
u=o(g,0) +||~ne— | e[| |[~e— [
0 Im_z z.3

(45

Near a smgular state, there is a direction about which the
CMGs can produce no aeceleration. This modification to the
algorithm projects the desired acceleratiori, onto the space
orthogonal to the singular direction, and oontrol of the space-
craft about the singular direction is replaced by an extra
degree of gimbal freedoin in the transformation. The space-
craft will not be controlled in the singular direction; however,

control will be mamtamed along the other axes. Controllabil-
ity will be recovered in the singular direction after the singuléar
orientation has been eliminated. Depending on the torque and
the orientation of the singular direction, the singularity may
be a problem for only a very short time.

After the program resolves potentlal computational
difficulties, the linearizing state and feedback transformations
are evaluated in. the routine TRANSFORMS. The routine
CMG-DISTRIB i§ then called to compute the desired set of
gimbal rates based on the current state of the CMG system.
The toutine APPROX calls the appropriate subroutines. for
formulating and solving the desired normed approximation
problem. The 1- and 2-norm approximation problems are
solved using the subroutines DLPRS and QPROG, respe¢-
tively, from release 10.0 of the IMSL™ subroutine library: The
c0-norIm approximation problem is solved using subroufiné
ZX3LP from release 9.2 of the IMSL™ library. The output of
the steering program is a set of gimbal rates, u, which produce
the commanded § when possible.

This steering algorithm has been implemented as part,of a
simple rigid-body simulation of a spacecraft. It is assumed
that there are-no extérnal torques and that the momentum
state of -the simulated spacecraft and the CMGs can be
measured. The equations of motion are integrated using a
fourth-order Runge-Kutta integration scheme. Before com-
puting an integration step, a subroutine is called that can
implement a variety of attitude control functions; and then
the CMG steering algorithm is calied. The chosen gimbal
rates are Ehen passed to a subroutine that executes a single
integration step. The following section presents results from
simulations using the program described in this section.

Simulation Examples

In thls section, several simulations are presented to demon-
strate the behavior of the proposed stéering algonthm The
first example demonstrates the need for the fourth term in the
rotdtion axis computation, [Eq. (39)]. This is an example of a
situation in which the steering algorithm must deal explicitly
with a problem that conventional gradient based methods
would fail to recognize. The next example shows how the
algorithm redistributes the CMG rotors when they are initial-
ized in a singular configuration.

The inertia properties of the vehicle are listed in Table 1
and represent the rephased dual-keel space station after as-
sembly sequence flight 7.2 Attitude control torques are pro-
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Table 1 Inertia properties for rephased, dual-keel space station

J. GUIDANCE

Table 2 Constants used in rotation vector computation

Inertia matrix, slug-ft2

2.425 x 107

—1.917 % 10° 3.060 x 10°
~1.917 x 105 3.556 x 106 2.333 x 10°
3.060 x 105 2.333 x 10° 2.515 x 107

Fig. 4 Schematic of space station model.

Quter
Gimbal Axis

Inner
Gimbal Axis

CMG# 1

Fig. 5 Reference configuration for four parallel mounted CMGs.

vided by four parallel-mounted’ double-gimballed CMGs. In
the parallel mount configuration, the outer gimbals are
aligned with the vehicle pitch axis and the inner gimbals are
aligned along roll. Each CMG rotor possesses 5000 ft-1b-s of
angular momentum and can be gimballed about inner and
outer mounts at peak rates of 5 deg/s. Inner gimbal displace-
ments are limited to less than 90 deg and outer gimbals may
rotate continuously. Figure 4 shows a schematic diagram of
the vehicle along with the body reference frame, and the
CMG mounting configuration is shown in Fig. 5. The set of
constants used by the steering law to compute the desired
gimbal rotation vectors are shown in Table 2. Although these
simulations employ parallel CMG mounting, the structure of
the steering law by no means requires this and is amenable to
any mounting configuration. '

In the first example, the CMG momentum vectors are
initialized so that rotors 1 and 4 nearly align with the positive
and negative yaw axes, respectively, and rotors 2 and 3 nearly
align with the positive and negative roll axes, respectively. A
constant torque of — 100 ft-1b is commanded along the nega-

Relative Rotation vector
weights constants
k, =0.2165 —
ky=1.0 k. =157
kirner = 0.0
ky=10 .
? ke =0.6
k$uter = 0.6
k4 =10 kgutér =07
INNER-GIMBAL DISPLACEMENTS
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m
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TIME (seconds)
OUTER-GIMBAL DISPLACEMENTS
100 =
3
w50
g0
sg L 1
g -0 =2
A -100F
-150} 4
_zm I L | | { 1 4 {
0 25 50 75 100 125 150 175 200 225
TIME (seconds)

Fig. 6 Gimbal angles; momentum saturation along roll, 2 norm.

tive roll axis of the vehicle. This torque will cause the CMG
rotors {o align along the positive roll axis. The small initial
gimbal offsets of + 0.1 deg were used to maintain zero mo-
mentum and to insure that the desired rotation vector of rotor
3 consistently lies along its inner gimbal axis. As a conse-
quence, this gimbal will eventually be rotated against its stop.
The outer gimbal rotation term of Eq. (39) was added to the
rotation vector computation to prevent this from happening.
This problem is especially relevant to nonparallel mounting
configurations where general spacecraft maneuvers are al-
lowed. ,

Figures 6 and 7 show the gimbal displacements and gimbal
rates from the simulation. At about 125 s into the simulation,
the outer gimbal of rotor 3 begins to rotate at its peak rate.
Initially, the inner gimbal axis is aligned with the negative
yaw axis of the vehicle. As the outer gimbal rotates, the inner
gimbal axis eventually has a component along the positive
yaw axis and the gimbal rate must change its sign to continue
projecting more momentum in the positive roll direction.
Throughout the simulated example, the commanded torque is
maintained. Figure 8 shows that rotating the outer gimbal
causes a drop in the gain function shortly before ¢ = 125s.
Steering laws based on gain or controllability optimization
would never choose to rotate the outer gimbal in this situa-
tion, and the inner gimbal would be forced against a stop. A
similar statement applies to steering laws that attempt to
avoid rotor line up. The approach® which keeps all inner
gimbal angles equal, will not move rotor 3 from its initial
position. While the technique can be modified to deal with
this situation, it cannot be generalized to handle the arbitrary
mounting configurations that might be used in a vehicle which
is intended to undergo large-angle slewing maneuvers. Note
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that in Fig. 7 the approximation algorithm is bounding the
rate of outer gimbal 3 at its peak value.

In the second example, an angular rate change is com-
manded with the CMGs beginning in a configuration that is
numerically singular in single precision on the computer being
used. The attitude control law commands an angular acceler-
ation proportional to a rate error in the pitch direction. The
rotors are initialized in a zero momentum state with rotors 1
and 2 nearly aligned with the positive roll axis and rotors 3
and 4 nearly aligned with the negative roll axis; this configura-
tion is numerically singular The gimbal angle responses are
shown in Fig. 9. The inner gimbals must project momentum
along the positive pitch axis to achieve the rate change, but
the outer gimbals move until they are evenly distributed about
the net CMG momentum vector in order to alleviate the
singular condition and attain a best orientation. In Fig. 10 the
gain function is shown. The gain is initially almost zero and
increases rapidly to about 80% of its maximum value (recall
that gain is not being optimized). It then decreases as the
CMGs must project momentum in the pitch direction to
maintain the rate change. This example illustrates that the
proposed algorithm functions in the vicinity of a singular
state. Even if the requested torque had been along the singu-
lar direction, null motions would drive 'the rotors to a
configuration which could produce the desired torque. Since
most approaches to CMG steering impose gimbal rate limits
by scaling the computed rates, they may command very small
gimbal rates near a singular configuration. In contrast, the
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Fig. 7 Gimbal rates; momentum saturation along roll, 2 norm.

GAIN OF CMG CONFIGURATION

ﬁe 25.0
* 22.5+
20.0—
17.5p~
15.0
Z

< 1251

o .
10.0
7.5k

5.0 X /
QOuter Gimbal #3

2.5 Commanded to Rotate.
0.0 ] 1 ! ] 1 ] 1
0 25 50 75 100 125 150 175 200 225

TIME (seconds)

Fig. 8 Gain function during momentum saturation along roll, 2 norm.
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algorithm described here will command the maximum pos-
sible rates to obtain a more controllable configuration.

Conclusions

This paper has presented an approach to obtaining gimbal
rates for the control of CMG-equipped spacecraft. A feed-
back linearizing transformation was used to linearize the
spacecraft dynamics, and then the transformation’s special
form was exploited to obtain a normed approximation prob-
lem that controls the spacecraft in a commanded way while
redistributing the gimbals in a desired direction. An algorithm
for computing a desired set of gimbal rates was proposed for
systems of double-gimbal CMGs and demonstrated with two
examples in which many existing algorithms are known to
fail.

Using the proposed approach, the problem of developing a
steering law involves designing an algorithm for the computa-
tion of desired gimbal rates. This is conceptually simpler than
having to determine a function whose gradient produces
desired rates. A difficulty encountered with algorithms that
seek local optima of functions is that these algorithms can get
stuck in a locally optimal configuration. For the paraliel
mount configuration of four CMGs, the technique demon-
strated here steers to a unique, stable, controliable configura-
tion for the rotors, provided that the CMGs project
momentum in either the roll or the yaw direction (the place-

INNER-GIMBAL DISPLACEMENTS

0

-10
w
g 20
&
9 -30 4
8 40 2.3

sol—l 1+ ¢ 4o 1 1
0 10 20 30 40 50 60 70 80 90 100 110
TIME (seconds)
OUTER-GIMBAL DISPLACEMENTS

150 3

100
E 50 4
% 0

- 2
E 50

-100

-150 1 1 1 L ! I 1 T |l

0 10 20 30 40 50 60 70 80 90 100 110

TIME (seconds)

Fig. 9 Gimbal angles; rate change along pitch, 2 norm.

GAIN OF CMG CONFIGURATION

00— 101 1)
0 10 20 30 40 50 60 70 80 90 100110

TIME (seconds)

Fig. 10 Gain function during momentum saturation along pitch, 2
norm.



106 DZIELSKI, BERGMANN, PARADISO, ROWELL, AND WORMLEY

ment of the rotors is unique, not the location of the rotors by
index). If the CMGs project- momentum only in the pitch
direction, the stable configuration can be rotated as a whole
about the outer gimbal. '

Most steering algorithms that have been proposed use the
pseudoinverse of the matrix Dh.,, to determine a torque
producing set of gimbal rates. Because of the special form of
the matrix A(x) in Eq (24), the computation of the linearizing
transformation requires about the same numerical effort. This

transformation can also be used as part of an attitude control

law. Because the linearizing transformation developed here
satisfies a torque constraint’ implieity, the feedback: transfor-
mation can be incorporated into .an existing steering al-
gorithm (e.g., Ref. 1) to rediice the number-of free variables
that must be considered by three. Note that the technique for
steering described 'in this paper could be implemented by
parameterizing the null spacé of the gimbal rate vector and
then solving a pseudomverse problem. The reader would find
that the resulting algorithm would be the same, except that
the orthogonalization procedure to generate” a basis for the
null space would represent add1t1onal computatrons over the
proposed method.

Although the technique proposed here is generally applic-
able to steering s1ngle -gimbal CMGs, the problem of deter-
mining desired rates is considerably more complicated. It may
be necessary to relax constraints on the spacecraft control to
insure adequate smgulanty avoidance capablhty This prob-
lem should be a sub]ect for continuing research.
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